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While lattice thermal conductivity is an important parameter for many technological applications, its
calculation is a time-consuming task, especially for compounds with a complex crystal structure. In this paper,
we solve this problem using machine learning interatomic potentials. These potentials trained on the density
functional theory results and provide an accurate description of lattice dynamics. Additionally, active learning
was applied to significantly reduce the number of expensive quantum-mechanical calculations required for
training and increases reliability of the potential. The CoSb3 skutterudite was considered as an example, and
the solution of the Boltzmann transport equation for phonons was compared with the Green-Kubo method.
We demonstrated that accurate and reliable potentials can be obtained by performing just a few hundred
quantum-mechanical calculations. The potentials reproduce not only the vibrational spectrum, but also the lattice
thermal conductivity, as calculated by various methods.
DOI: 10.1103/PhysRevB.100.144308

I. INTRODUCTION

Accurate description of lattice dynamics and large time or
length scales of a considered phenomenon are both required in
many practically important tasks of atomistic modeling. The
example is lattice thermal conductivity (LTC) calculations.
LTC describes heat transport through a crystalline lattice,
which is of prime importance for thermoelectic conversion
efficiency, heat insulation, etc.
LTC is usually described in two ways. The first one is the
framework of the Boltzmann transport equation for phonons
(PBTE) [1–3]. The second one is molecular dynamics (MD)
simulation-based methods [4]: the Green-Cubo (GK) method
and the direct method.
While the solution of the PBTE allows one to correctly
describe the LTC in many cases [5,6], there are two issues
limiting its application. Firstly, only three-phonon processes
are considered in the scattering, due to high computational
cost. Although this is sufficient in many cases, high-order processes may play an impotant role in the heat transfer at high
temperatures [7]. Secondly, the method scales poorly for large
systems, as (Nat4 Nq2 ) [8], where Nat is the number of atoms
in the cell, and Nq is the number of points in the reciprocal
space grid. This limitation is crucial if the considered system
has a complex crystal structure with about 100 atoms in the
unit cell. Such systems often have low thermal conductivities,
which is important for practical applications.
It is possible to overcome these issues by using methods
based on classical MD modeling. They have no restrictions on
the order of anharmonic terms and scale better with the system
size. The price, however, is the need for a careful convergence
analysis [8,9]. But the biggest issue of the method is the
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interatomic potential. The potential must be accurate in order
to reproduce phonon scattering, and reliable in order to allow
long-time simulations of large systems.
Similar problems arise for the free energy calculations. The
most accurate and approximation-free methods are the analysis of the velocity autocorrelation function and the thermodynamic integration [10,11]. Simulations on large systems and
long-time scales are required for such methods. Therefore, the
routine ab initio molecular dynamics (AIMD) simulations are
unfeasible.
Machine learning potentials have recently been proposed
as a promising tool to combine quantum-mechanical accuracy with the computational efficiency of classical potentials
[12,13]. It is a common and often an easy-to-pass test for
machine learning potentials to reproduce force constants or
phonon dispersion curves. From these tests it is not clear
whether machine learning potentials could accurately describe
anharmonicity, which is a small effect compared to harmonic
vibrations at small temperatures. Only a few examples of such
studies exist in the literature [14–17].
An attractive feature of some of the machine learning
potentials is the ability to use uncertainty estimation to generate potentials on-the-fly. The main advantage of using active
learning is that potentials that reliably predict energies and
forces are constructed automatically while performing lattice
dynamics, or another atomistic simulation, rather than manually parametrized through many cycles of trial and error. In
this work we will use the D-optimality-based active learning
algorithm [18,19]. Other existing approaches rely on query by
committee [20–22] and Bayesian predictive variance [23]. A
related recently proposed approach [24] is to select a training
set using a distance metric alone.
In this work, we develop an algorithm for simulation
of LTC by automatically training a machine learning potential
in the moment tensor potential (MTP) form [18,19,25]
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FIG. 1. (a) Calculated phonon dispersion (solid line) and experimental values: (◦) [38], () [39], () [40], and () [41]. (b) The cumulative
dependence of LTC on the phonon frequency at 300 K.

on-the-fly. The proposed algorithm is benchmarked on the
problem of computing LTC for the CoSb3 skutterudite. Anharmonic lattice vibrations is the main mechanism responsible
for the finite LTC. Therefore this is a sensitive test of the
accuracy of the potentials.
CoSb3 -based materials are of great importance for thermoelectric applications. It is expected that it can replace
traditional toxic tellurium-based materials for the middletemperature region [26,27]. The feature of skutterudites is
the possibility to significantly reduce the LTC due to filling
or compensation [28–32], without worsening the electronic
transport properties.
Here we consider unfilled CoSb3 for the following reasons. Firstly, as will be clear from the presented results, our
method deals with the systems with more than 100 atoms
in the unit cell. Therefore the extension to the filled case
will be straightforward. Secondly, unfilled CoSb3 contains 16
atoms in the unit cell. Therefore, the LTC calculated by the

Green-Kubo method can be directly compared with the result
of PBTE based on density functional theory (DFT) data,
which provides additional validation of the potential.
This paper is orginized as follows. The details of the calculations are discussed in Sec. II. The LTC was calculated using
the PBTE, based either on the results of AIMD and classical
MD with machine learning potentials. Details are contained
in Secs. II A and II B. The same potentials were used in
the Green-Kubo method (Sec. II C). The details of training
and validation of the potentials are presented in Sec. III.
Section IV is devoted to the comparison and discussion of the
results. The concluding remarks are given in Sec. V.
II. DETAILS OF CALCULATIONS
A. Ab initio molecular dynamics

As the first step, AIMD trajectories were obtained, as
described in the previous work on skutterudites [33]. The
projector augmented wave [34] VASP [35] code (version 5.4.1)
was used for the calculations, with the exchange-correlation
functional in the form of Perdew-Burke-Ernzerhof [36]. The
3d 7 4s2 Co electrons and 5s2 5p3 Sb electrons were considered
as the valence ones. All calculations were performed on
2 × 2 × 2 Co32 Sb96 supercells containing 128 atoms. The
NVT thermostat at the temperatures of 300, 500, and 700 K
was used. The time step was chosen as 2 fs, and the total
simulation time was 6–10 ps. For an accurate calculation of
the forces, the cutoff energy of 450 eV and a 2 × 2 × 2 centered grid of k points (eight points in the irreducible Brillouin zone) were used. The experimental lattice constant was
utilized for each temperature, corresponding to the thermal expansion coefficient α = 9.9 × 10−6 1/K [37]: a = 4.5182 Å,
4.5272 Å, and 4.5361 Å for 300, 500, and 700 K, respectively.
B. Lattice thermal conductivity via the Boltzmann
transport equation for phonons

FIG. 2. The normalized heat flux autocorrelation function (red)
and the corresponding thermal conductivity (blue) at 500 K.

At this step, ab initio and classical MD trajectories
were used to calculate the effective force constants of the
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second and third orders. Classical trajectories with MTPs (see
Sec. III A) were obtained via the LAMMPS [42] package for the
2 × 2 × 2 cells (as in the AIMD simulations). The systems
were equilibrated for 5 ps. Then a 20 ps simulation in the
NVE ensemble was conducted, during which the statistics was
generated.
The force constants were determined by constructing a
temperature-dependent effective potential [43,44]. Effective
second- and third-order potentials were obtained by matching
the forces and displacements of atoms along the MD trajectory
at a certain temperature. Usually 100–200 uncorrelated configurations were used for the calculation. The obtained force
constants were used to calculate the phonon dispersion and to
solve the PBTE.
The LTC was determined by the self-consistent solution of
the PBTE [1]. The dependence on the density of the reciprocal
space grid and the cutoff radius of the effective force constants
(EFCs) was thoroughly investigated. As a result, the following
parameters were used: a grid of 123 , the cutoff radii of the
second- and third-order EFCs Rc2 = 6.2 Å and Rc3 = 5.5 Å,
respectively. Note the large cutoff radius, especially for the
third-order constants. This may be due to the resonant nature
of the bonds in CoSb3 [5]: the decay of EFCs is slow and nonmonotonic. The largest obtained cutoff radius Rc = 6.2 Å was
used in MTPs as the maximal radius for each partial atomic
environment [19] in order to correctly reproduce the direct
interaction between atoms.
Figure 1 shows the phonon dispersion curves and the
cumulative dependence of the LTC on the phonon frequency
for 300 K (an AIMD trajectory was used). The dispersion law
is in good agreement with the previous calculations [5,41,45]
and experiments [38–41]. The cumulative LTC shows fast
increase for the phonons below 2 THz. The resolution of
such phonons requires dense grids of k points or large system
sizes. Therefore the systems with 123 unit cells were used for
the Green-Kubo method, which made it possible to almost
completely take into account all the necessary phonon modes.
C. Calculations via the Green-Kubo method

Finally, the MTPs were used in the calculation of LTC by
the Green-Kubo method (equilibrium MD). The system size
was chosen to be of 12 × 12 × 12 unit cells (27 648 atoms),
according to the results of solving the PBTE (Sec. II B). This
size of the system is sufficient to describe the long-wavelength

phonons involved in thermal transport. The simulation time
step was 1 fs. The heat flux autocorrelation function (HFACF)
was averaged over an ensemble of 20 independent systems.
All the results were examined for the convergence with
respect to time step and simulation time. Each system was
first equilibrated for 50 ps in the NVT ensemble, and then the
HFACF was calculated for 2 ns in the NVE ensemble. The
step for HFACF calculation was 1 fs, for a better description
of its time dependence. The maximum correlation time was
chosen to be 250, 200, and 150 ps, for 300, 500 and 700 K,
respectively.
The thermal conductivity was calculated by the direct integration of the averaged HFACF. Figure 2 shows the average
autocorrelator and the corresponding LTC for 500 K (the
results for other temperatures are given in the Supplemental
Material [46], Figs. 3 and 4. Note the strong oscillations of
the HFACF and corresponding LTC. It is believed that such
oscillations are the feature of complex systems with a large
number of atoms in the unit cell [4,8,9]. Nevertheless, the
average value of thermal conductivity became constant at
t ∼ 100 ps. The resulting value of LTC was determined by
averaging over the last 50 ps.

III. MACHINE LEARNING INTERATOMIC POTENTIALS
A. Active learning

MTPs were trained to reproduce energies, forces, and
stresses, obtained by DFT. Here “training” is optimization of
the parameters of the model by minimization of the loss functional. Errors in energies and its first derivatives (forces and
stresses) are simultaneously minimized with certain weights.
We choose corresponding relative weights to be 1 for energy,
0.1 for forces, and 0.1 for stresses, in order to simultaneously
increase the reliability and accuracy of the potential (see
Ref. [47] for more details).
Three potentials with the same functional form but different values of parameters were trained for the three temperatures. The corresponding cells used for the training data
contained 128 atoms. The cut-off radius of the potential was
chosen to be 6.2 Å (see Sec. II B). The active learning scheme
adapted from [19] was used to optimize the training process.
The scheme is presented in Fig. 3. Briefly, the main steps are
as follows:

FIG. 3. The active learning scheme. The potentials are trained in a loop by automatically selecting the most representative configurations
from independent MD runs until all of these runs stop producing extrapolative trajectories.
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(1) The potential is pretrained on a short AIMD trajectory,
of about 100 time steps. This can be considered as an initial
approximation of the model.
(2) Classical equilibrium MD is performed at a certain
temperature on an ensemble of independent systems. During
each simulation, an active selection of atomic configurations
is carried out.
(3) Active selection is repeated on all the configurations
selected at the previous step. This is necessary because the
systems in step (2) were independent, and therefore many of
the selected configurations appear to be correlated.
(4) The configurations from the third step are calculated by
DFT, with the same parameters as in AIMD. As a result, an
“active” training set is formed.
(5) The potential is trained on the active training set.
(6) Steps (2)–(5) are repeated until no configurations were
selected in any of the MD runs on step (2).
For active selection the algorithm described in [18,19] was
used. In essence, it defines configurations on which the model
extrapolates. The parameter which controls this process is the
extrapolation grade. If the grade of configuration is above the
threshold (large extrapolation), it is included in the training
set. If the configuration correlates with those already present
in the training set, it is skipped. The process can be viewed
as the effective sampling of the phase space available to the
system.
Active selection does not only increase the ability of the
model to extrapolate. It also minimizes the number of configurations in the training set by sorting out most representative
ones. This reduces the number of time-consuming quantummechanical calculations.
The condition for the stopping of the active-learning loop
requires a separate discussion. The presented process of active
learning aims to make the potential more reliable, that is, to
avoid extrapolation during prediction of energies and forces.
Thus, the accuracy criterion is not suitable. Since the potential
should be used for the Green-Kubo method, the following
condition was chosen: all the systems in step (2) evolve
without exceeding the threshold up to 1 ns. As will be seen
in what follows, this requirement is reasonable.
The described scheme has another advantage. Unless the
temperature gradients are too large, the process of heat transfer is close to equilibrium. This is usually the case in practice.

TABLE I. Average errors for potential for each temperature
e = |E MTP − E DFT |/Nat : the energy per atom; |F | = |FMTP −
FDFT |: the absolute value of the force on atom; σ = σ MTP − σ DFT :
the diagonal stress component; Nconf : the number of configurations
in the active training set.
T, K

e (meV/at.)

|F | (meV/Å)

σ (GPa)

Nconf

300
500
700

0.08
0.13
2.56

20.0
34.0
53.2

0.29
0.29
0.25

271
717
652

Therefore, the phase space occupied by the system is close
to equilibrium one at an average temperature. Therefore the
training on the equilibrium configurations is expected be
sufficient for the LTC study.
B. Validation of the potentials

The validation of the obtained machine learning potentials
was performed; 250 randomly selected configurations (not
in the training set) were used. Table I presents the average
errors in energies, forces, and stresses, and the number of
configurations in the active training set for each potential. The
average errors are rather low, and are of the order of typical
errors of AIMD. Note that it was achieved with less than a
thousand configurations in the training set.
Accurate reproducibility of forces is crucial for LTC calculation. The forces are directly used to obtain EFCs, thus all
the phonon scattering properties for the PBTE. The forces
acting on atoms due to local environment are also used to
calculate heat flux [48]. Figure 4 shows the distribution of
the error in force, depending on the force magnitude (for the
validation set). The amplitude of thermal vibrations increases
with temperature, which leads to the increase of forces acting
on atoms. This in turn gives rise to the interpolation error of
the machine learning potential. Hovewer, most of the errors
remain close to the average value. In other words, relatively
large errors are rare. Therefore we expect only small bias in
the LTC.
Next we investigate the accuracy with which obtained
interatomic potentials reproduce lattice dynamics. Figure 5
shows the density of phonon states and the dispersion law

FIG. 4. The dependence of the error in force on the force magnitude. Left to right: 300 K, 500 K, 700 K. The color indicates the distribution
of the error. Each distribution is normalized independently.
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FIG. 5. Left: the density of phonon states, calculated with the effective force constants at 500 K. The force constants are obtained both for
the classical trajectory with the MTP potential and for the AIMD trajectory. Right: corresponding phonon dispersion law.

calculated from the effective second-order force constants at
500 K. Two independent trajectories were used to obtain the
result: the classical one obtained with MTPs and the one from
AIMD. One can see the phonon dispersions are very close. For
300 and 700 K the results are similar (see Figs. 1 and 2 of the
Supplemental Material [46]). A small difference exists in the
optical part of the spectrum, but it almost does not contribute
to thermal conductivity, as follows from Fig. 1.
Thus, phonons are accurately reproduced by the MTPs. A
more rigorous method of validation is the thermal conductivity calculation, since it is caused by phonon scattering. The
reproducibility of thermal conductivity is not straightforward,
since the potentials were trained only on energy and its first
derivatives. In addition, not every functional form (representation) of the potential allows one to reproduce the thermal
conductivity [49]. These issues will be discussed further.

and stresses. The values of LTC also turned out to be close
to each other. Thus, the statistical error in the calculation of
thermal conductivity by solving the PBTE in Fig. 6 is of about
the symbol size.
Finally, the results of the Green-Kubo method are represented by blue triangles. Despite the complexity of the
system, the values are in good agreement with the results
of solving the Boltzmann equation. One may notice that the
GK method systematically gives a lower LTC value. This was
expected, since the equilibrium dynamics is purely classical.
The phonon occupation numbers and their relaxation times

IV. RESULTS AND DISCUSSION

Figure 6 shows the results of the LTC calculations. We will
discuss them in order. The results of PBTE with EFC obtained
from the AIMD trajectories are shown by green circles. They
are in good agreement with the experimental data. Similar
results for the classical trajectories, generated with the MTP
potentials, are presented by blue squares. They are close both
to the AIMD results and the experiment. This means that the
achieved accuracy of the reproduction of forces and energies
is sufficient to describe phonon scattering.
Machine learning potentials have a flexible functional form
and there may be many sets of parameters that lead to similar
accuracy in the energy, forces, and stresses. It is not obvious
that such different sets will lead to similar LTCs. In order
to clarify this issue, four more potentials at 300 K were
independently trained, according to the scheme described in
Sec. III A. The validation was performed on the same 400
random configurations from the AIMD trajectory. Thermal
conductivity was calculated using the Boltzmann equation and
independent trajectories. The results are shown in Table II. As
one can see, the potentials give similar errors in energy, forces,

FIG. 6. The results of lattice thermal conductivity calculations
(open symbols) and experimental data (filled symbols) [50–52].
DFT-BTE: solution of the PBTE with effective force constants from
the AIMD trajectory; MTP-BTE: the same method, but trajectories
with MTPs were used; MTP-GK: results of the Green-Kubo method
for MTPs. Vertical lines: doubled standard deviation of the results of
GK. The errors for the PBTE results are of the order of the symbols
size.
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TABLE II. Average validation errors for the potentials trained on
four independently generated training sets at 300 K. The notations as
in Table I.

MTP-1
MTP-2
MTP-3
MTP-4

e
(meV/at.)

|F |
(meV/Å)

σ
(GPa)

Nconf

κBTE
[W/(m K)]

0.10
0.11
0.14
0.22

25.6
25.7
24.3
29.5

0.32
0.27
0.27
0.23

838
778
897
579

10.12
10.22
10.25
10.20

correspond to the classical limit, which lowers the LTC [8].
The deviation from the quantum PBTE result decreases with
increasing temperature. In addition, the GK method takes into
account all the orders of phonon scattering processes. This
can also reduce thermal conductivity. We thus conclude that
the results of different approaches agree with each other.
V. CONCLUSIONS

In conclusion, we have developed a method for automatic
calculation of LTC for complex compounds by using machine
learning potentials. Multicomponent potentials in the form of
MTP were trained on the DFT data for the CoSb3 skutterudite.
Active learning was used to increase the reliability of the
potential and reduce the number of time-consuming DFT
calculations. Only a few hundred configurations are enough
to build a sufficiently reliable potential that accurately reproduces harmonic and anharmonic parts of lattice dynamics.
MTPs provide more than four orders of magnitude increase
in computational speed: one time step on 64 cores for 128
atoms takes approximately 200 s for AIMD and 0.0025 s
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